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Abstract
Genuine higher-order correlations could be established up to fifth order in multiparticle production in ir^p and K^p 
collisions at 250 GeV/c. At decreasing interparticle distance in invariant phase-space, these correlations follow approximate 
power-law scaling. The scaling behavior is different for non-exotic and like-charge particle combinations. It cannot be 
reproduced by FRITIOF without Bose-Einstein correlations. Including Bos e-Einstein correlations according to JETSET7 
reproduces the slope of like-charge two-particle correlations, but overestimates those of the higher orders.
1. Introduction
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Multiparticle production m high energy collisions 
is one of the rare fields of physics where higher-order 
correlations are directly accessible in their full multi-
N H
HLSHVIHU
EHS/NA22 Collaboration/Physics Letters B 332 (1994) 458-464 459
dimensional characteristics under well controlled ex- 
perimental conditions.
Although two-particle correlations were studied in 
great detail in the past [ 1 ] and have attracted renewed 
interest in recent years (for a recent review see [2 ]), 
the study of (genuine) higher-order correlations has 
been hampered by the lack of a suitable method that 
makes optimal use of the statistics available in an ex­
periment. Three-particle correlations also have been 
observed in the form of short-range rapidity correla­
tions [3-7] and higher-orderBose-Einstein (BE) cor­
relations [4,6,8—10], but evidence for genuine higher- 
order correlations (i.e. after subtraction of all lower- 
order contributions) has not been established so far.
Here, we report on an application of a recently 
developed method unambiguously isolating genuine 
multiparticle correlations and their bin-size depen­
dence for various charge combinations, up to order 5.
2. The data
In this CERN experiment, the European Hybrid 
Spectrometer (EHS) was equipped with the Rapid 
Cycling Bubble Chamber (RCBC) as an active ver­
tex detector and exposed to a 250 GeV/c tagged pos­
itive, meson enriched beam. In data taking, a mini­
mum bias interaction trigger is used. The details of the 
spectrometer and the trigger can be found in previous 
publications [ 11,12].
Charged particle tracks are reconstructed from hits 
in the wire- and drift-chambers of the two lever-arm 
magnetic spectrometer and from measurements in the 
bubble chamber. The average momentum resolution 
(Ap/p) varies from a maximum of 2.5% at 30 GeV/c 
to around 1.5% above 100 GeV/c.
Events are accepted for the analysis when mea­
sured and reconstructed charge multiplicity is the 
same, charge balance is satisfied, no electron is de­
tected among the secondary tracks and the number of 
badly reconstructed (and therefore rejected) tracks is 
0. The loss of events during measurement and recon­
struction is corrected for by means of the topological 
cross section data [11]. Elastic events are excluded. 
Furthermore, an event is called single-diffractive and 
excluded from the sample if the total charge multi­
plicity is smaller than 8 and at least one of the positive 
tracks has \xp >  0.88. After these cuts, the inelastic
non-single-diffractive sample consists of 59 200 ?r+p  
and K+p  events.
For laboratory-momenta plab < 0.7 GeV/c, the 
range in the bubble chamber and/or the change of 
track curvature is used for proton identification. In 
addition, a visual ionization scan has been used for 
Plab < 1.2 GeV/c on the full K *p  and 62% of 
the 7r+p  sample. Positive particles with plab > 1 5 0  
GeV/ c are given the indentity of the beam particle. 
Other particles with momenta plab > 1 .2  GeV/c are 
not identified in the present analysis and are treated as 
pions.
In spite of the electron rejection mentioned above, 
residual Dalitz decay and y  conversion near to the 
vertex still contribute to the two-particle correlations. 
Their influence on our results has been investigated in
detail in [13].
3. The method
The method used is that of normalized cumulant
moments
K*q (e)  =  kl](e ) /£ q 0Tm(e)  
evaluated by the star integration [ 14]
( 1 )
M e) Cp  ( Xj  , . . . Xn )
X 0  12013 . . .  0  iqdx\ . . . dxq (2)
of the (factorial) cumulants, or “connected” correla­
tion functions
C2 ( x u x 2) = P 2 (X]1X2) -  p \ ( x \ ) p i ( x 2) i (3)
C3 (-^ 1 i X21 X% ) — p3 ( X\ , X21 Xj )
~  Pl(*l )p2(X2,*3)  ~  Pl(X2)P2(*3,Xl)
-  P l ( * 3) P 2( * l » * 2) + 2 p i(* i)p i(* 2)p i(*3)
etc. (4)
In (3) and (4), the pq are the q-particle densities at 
the phase space point {x\  .. .xq}. In (2) the ©jy are 
defined by the Heaviside unit step-function
©iy =  0 (e  — |*i -**ƒ!) (5)
and restrict all q — 1 coordinates Xj to lie within a 
distance e of x\.
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Fig. 1. lnAT*(j22) as a function of — In Q2 for all charged particles, compared to the expectations from the FRITIOF model.
The cumulant moments f q(e)  are normalized by 
the integrals
£"ormO) = ƒ  piOi) • • -p\(xq)
X  @ 1 2 0 1 3  . . . ® \ q d X \  . . . d x q ( 6 )
evaluated with the help of (5) with particles j  taken 
randomly from different events (“event mixing”).
Unbiased estimators for cumulant moments and 
normalization are given in [ 15]. The non-trivial mod­
ifications needed for events with non-uniform weights 
are derived in [16].
Inclusive ^ -particle densities p q{x \ , . . . ,  xq) in gen­
eral contain uninteresting contributions from lower- 
order densities. It is, therefore, advantageous to con­
sider cumulant functions which have the property to 
vanish whenever one of their arguments becomes sta­
tistically independent of the others.
The star-integral method presents the advantage of 
optimal use of available statistics and minimal use of
Table 1
Slopes 4>q of the power-like scaling law for the various charge combinations, fitted in the range 0 <  — In Q2 < 5
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charge comb. g = 2 II 
i 
 ^
i
<7 = 4
all 0.205±0.005 0.72±0.03 1.2±0,2 2.0±1.0
like-charged — 0.387±0.009
1.03db0.08 1.8±0.3
0.438±0.010
unlike-charged 0.096±0.004 0.61 ±0.03 2.0±0,5
computer time.
Since higher accuracy is obtainable, dynamical 
structures in the correlations can be studied in greater 
detail than with conventional methods.
A detailed and systematic study of normalized fac­
torial moments Fq and normalized cumulant moments 
Kg, as obtained from various methods, is given in
[17].
4. The results
The results for the normalized cumulant moments 
K* are given in Fig. 1 for the sample of all charged 
particles, in the form of a double-logarithmic plot. The 
particle 4-momenta pi are used as coordinates jt; and 
Qfj = — (pi — p j ) 2 as a distance measure, so that (5) 
is replaced by
= (7)
Because of (3), (4), the K* can become negative 
and/or the errors can become very large. Such data 
points are not shown.
For the first time, positive genuine multi-particle 
correlations can be unambiguously established up to 
order five. The star-integral method used here indeed 
gives a clear improvement over an earlier analysis 
based on the same data [13,18]. For all orders q> 
the correlations become stronger with decreasing “dis­
tance” Q2.
Originally, it was advocated [19] that the normal­
ized factorial moments Fq might follow a power-like 
scaling law. Later [20], it was suggested on the basis 
of two-particle correlation data, that normalized cu­
mulant moments, rather than factorial moments, might 
show power-behaviour, so that
*J(G2) OC (fi2)-*» ■ (8)
Fig. 1 shows that the data for q = 2 increase faster 
than a simple power in Q2 and can only be represented 
by a function of that type in a restricted range of inde­
pendent variable. Higher-order cumulants show a ten­
dency to level off after an initial power-like increase 
at larger Q2.
As a qualitative measure of the rise of the cumu­
lants, we have fitted the powers <f)q in (8) over the 
range 0 < — ln g 2 < 5. The results are given in Ta­
ble 1 and are seen to increase with q.
The experimental data are compared to the expecta­
tions from the FRITIOF model [21 ]. Since version 2.0 
is better tuned to our data [18] than the most recent 
version of this model (version 7.0) we show the com­
parison for the former. To include BE»correlations, 
we use the (ad-hoc) algorithm developed for JETSET 
7.3 [22] with exponential parametrization5 in Q and 
measured parameters r and A [13]. Furthermore, we 
allow for Dalitz decay in the model and add undetected 
y-conversion (0.25%) [ 13]. The generated events are 
subjected to the same selection criteria as the real data.
For q - %  FRITIOF only reproduces the data af­
ter inclusion of BE correlations and y  conversion. For 
larger q, the influence of ^-conversions is negligible, 
but the model predictions curve upwards, contrary to 
what is seen in the data. Consequently, we conclude 
that Bose-Einstein parametrization as implemented in
5 FRITIOF 2.0 with BE describes the shape of the Q2 depen­
dence of the second order factorial moment, but overestimates 
the increase with increasing — In Q2 of the third order factorial 
moment [18].
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Fig. 2. In Kq (Q2) as a function of — In Q2 for like-charged particle combinations, compared to the expectations from the FRITIOF Model.
JETSET strongly overestimates the correlations, espe­
cially at small Q2.
The charge dependence of the correlation is studied 
in a comparison of like-charged (Fig. 2) to unlike- 
charged (Fig. 3) particle combinations. Both charge 
combinations show non-zero genuine higher-order 
correlations and an increase of the correlation func­
tion with decreasing “distance” Q2. The correlations 
among uni ike-charged combinations (i.e. combina­
tions to which resonances contribute) are relatively 
strong near Jn<22 ~  0, but the increase for larger
— ln g 2 is relatively slow. Correlations among like- 
charged particles are small at In Q2 ^  0, but increase 
rapidly to reach, or even cross, those of the unlike- 
charged combinations. This difference diminishes 
with increasing order q.
For the like-charged particle combinations (Fig. 2), 
K \  is well described by FRITIOF if B.E. correlations 
are included. An exeception may be the — In Q2 = 0  
region for positives, where an influence of the lead­
ing particles is present. However, the overestimate of 
the higher-order correlations by FRITIOF +  BE, al-
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Fig. 3. In K% (Q2) as a function of — In Q2 for unlike-charged particle combinations, compared to the expectations from the FRITIOF Model.
ready observed in Fig, 1 for the sample of all charged 
particles, is also evident here.
For the unlike-charged particle combinations, K\  
is reproduced only after including y  conversion. For 
higher orders, the effect of y  conversion is small and 
the data are reproduced reasonably well.
5. Conclusions
Genuine multiparticle correlations up to fifth order 
have been established. The correlations increase in 
strength with decreasing inter-particle distance Q2 = 
~(Q\ —q i ) 2 in invariantphase-space. The dependence 
on Q1 of the data is more complicated than the simple 
power law advocated in previous intermittency stud­
ies.
The behavior of the cumulants is different for non­
exotic and like-charge particle combinations. It can­
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not be reproduced by FRITIOF without Bose-Einstein 
correlations. Including Bose-Einstein correlations ac­
cording to the JETSET7 prescription, FITTOF repro­
duces the ß 2“dependence of like-charged two-particle 
correlations. However, cumulants of higher orders are 
strongly overestimated, especially at the smallest val­
ues of Q2.
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